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ARTICLE INFO ABSTRACT

Keywords: In this paper, a novel higher stabilization-free virtual element method is proposed for com-
virtual element method pressible hyper-elastic materials in 2D. Different from the most traditional virtual element
Stabilization-free formulation, the method does not need any stabilization. The main idea is to modify the virtual

Hyperelastic material element space to allow the computation of a higher-order polynomial L, projection of the

gradient. Based on that the stiffness matrix can be obtained directly which greatly simplifies
the analysis process, especially for nonlinear problems. Hyper-elastic materials are considered
and some benchmark nonlinear problems are solved to verify the capability and accuracy of
the stabilization-free virtual element method.

1. Introduction

In recent years, some advanced numerical methods based on polygonal meshes were proposed. These improve the ability and
flexibility to discretize computational domains with high geometrical complexity. Some of the techniques can be listed as Polygonal
Finite Element Method (PFEM) [1,2], Discontinuous Galerkin Methods (DG) [3,4], Mimetic Finite Difference Methods (MFD) [5-7],
and some other methods like the Extended FEMs (XFEM) [8] and Generalized FEMs (GFEM) [9]. In addition to these established
numerical methods, the Virtual element method (VEM), which was introduced in [10-12], has gained increasing attention. The
VEM can be regarded as a generalization of the classical finite element method (FEM) to general polygonal meshes. Different from
conventional polygonal/polyhedral methods, the basis functions in VEM are defined by the local partial differential equations (PDEs)
but never need to be explicitly computed. Up to now, the VEM has been introduced and developed for the Poisson equation [10],
linear elastic [13-17], hyperelastic materials at finite deformations [18-21], contact problems [22-25], elastodynamics problems
[26-28], phase field modeling problems [29,30] and for eigenvalue problems [31,32].

It is well-known that the VEM used in the above-introduced works requires stabilization to avoid the zero-energy modes and
to ensure the stability of the method. The stabilization techniques, discussed for classical problems in [10,29], are based on a
formulation that involves the degrees of freedom. However, the stabilization methods sometimes have bad performances for bending-
dominated problems and rely on a chosen stabilization parameter. Some useful stabilization approaches are given for nonlinear
problems in [19]. It should be pointed out that there are various formats [14,33] for the construction of the stabilization term,
including the selection of different and solution-dependent parameters, especially for complex nonlinear problems.

A stabilization-free virtual element formulation (SFVEM) only relies on the constant data stemming from the mechanical model,
then, especially in the nonlinear range SFVEM will increase the use of VEM in engineering analysis. Recently, some new techniques
have been proposed to construct stabilization-free or self-stabilized virtual elements schemes. An enhanced VEM formulation that can
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Fig. 1. Reference and current configurations in the geometrically nonlinear analysis.

bypass the need for stabilization terms for k = 1 was proposed in [34]. Similar to this enhanced formulation, a self-stabilized virtual
element was proposed by Lamperti [35] for 2D linear elastostatics based on the Hu-Washizu variational approach. Besides, the
stabilization-free virtual element method (Enlarged Enhancement Virtual Element Methods) was proposed by Berrone in [36,37] for
the 2D Poisson equation. The main idea of the method is to modify the first-order virtual element space to allow the computation of a
higher-order polynomial L, projection of the gradient [38] to delete the stabilization term. Under the right conditions, they proved
the well-posedness and error estimation of the 2D Poisson equation, laying the foundation for solving complex and challenging
problems. In the following, the stabilization-free method has been extended to solid mechanics (k = 1 and k = 2) [38,39], as well as
to eigenvalue problems [40]. But so far, the stabilization-free formulation has not been applied to nonlinear mechanical problems.

The main aim of this work is to extend the work in [38,39] to hyperelastic materials at finite deformations. In this first step,
we try to re-deduce the logical framework of the entire stabilization-free VEM, to obtain a unified approximate formulation for the
gradient. The specific process of calculation of the H, projection matrix IT" (original elliptic projection matrix) and the L, projection
matrix IT™ are given in a form that is more in line with the approach to mechanical problems. By employing the enhancement space
given in [12], it is shown how the stabilization-free method can be extended to higher-order interpolations (for k£ > 2). Then, by
using an approximate expression for the gradients, we obtain a non-linear incremental iteration format similar to conventional finite
element methods. It is easy to find that the method does not need any stabilization terms for linear as well as for nonlinear problems,
so it simplifies the element formulation, especially for nonlinear problems. The method can be easily extended to other types of
nonlinear problems by computing the gradient of the variable in each polygonal element.

The paper is organized as follows. The governing equations for hyperelastic problems are reviewed and presented in Section 2.
Then in Section 3, we introduce the function spaces used in stabilization-free VEM and calculate different forms of projection
operators. The stabilization-free virtual element formulation for hyperelastic problems is given in Section 4. Some numerical
examples are presented and discussed in Section 5. The paper closes with some concluding remarks in Section 6.

2. Mathematical formulation
2.1. Governing equations for finite strain elasticity

In this work, let us consider a body that occupies a bounded domain £ € R?, see Fig. 1. Let I' = 92 = I';,, U I'y be the boundary
of Q with I', the Dirichlet boundary and I'y the Neumann boundary and I'y n I'y = @.

Consider a general solid undergoes a motion ¢ so that the geometry changes from the initial to the current state. Each material
point initially at X is characterized by the position x at time ¢ given by the motion

x=@X,H)=X+ulX,1), (€D)]
where u is the displacement. We denote by F the deformation gradient defined by

F=Grad(p=j—;=I+Vu, (&3]
where I is the identity tensor. The right Cauchy-Green deformation tensor can be defined as

C=F".F, 3)
and the Green-Lagrange strain tensor is provided by

E= % (c-1. 4

Considering the variables related to the initial configuration, the standard equilibrium equation for the model problem is given
by

-DivP = f, 5)
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where P is the first Piola—Kirchhoff stress and f is the body force. The Dirichlet and Neumann boundary conditions are described
as

u=a on Iy, (6)

P-N=% on Iy, @

where N is the outward normal vector, u is the prescribed displacement and 7 is the prescribed surface traction.
Naturally, it is simpler to work in the initial configuration with symmetrical stress tensors. Then, the second Piola-Kirchhoff
stress is introduced as

S=F'.P=JF'.6.F7, @®

where o is the Cauchy stress tensor (real stress), which refers to the current configuration; J is the determinant of the deformation
gradient tensor, which describes the volume change between the current and initial configuration

J = det(F). (9)
We have the following work conjugate relationship
w= [ SE: Sdv, =/ §F : PdV;, (10)
o Vo

where SE is the variation of the Green strain tensor, §F is the variation of deformation gradient tensor,

5E=%6(FT.F—I)= (6FT - F+F" .6F). an

1
2
2.2. Constitutive equations for hyperelastic material

For a homogeneous compressible isotropic hyperelastic material, the elastic behavior of a deformable body can be specified in

terms of a hyperelastic energy density ¥. For convenience, the strain energy function ¥ is often expressed as a function of the right
Cauchy—Green tensor C = F! . F or its invariants as

Y(F(X),X)=%(C(X),X)=¥ (Ic, 1o, 111c,X), (12)
where the invariants I, I'I-, 11 are defined as
Ic=trC=C:1
1 = 3 [arCy -t c?] (13)
Il =detC=J>
Based on the three invariants, a general form of strain energy density can be defined

[se]
W e ITIe) = Y Ay (Ic=3)" (11 =3)" (111 = 1)". (14)

m+n+k=1

In this work, we focus on the neo-Hookean hyperelastic model
=L (Ic=3) = uind + 5 a7, 5)

where the Lame parameters A and u are given as
4= Ev _E
Q+vi-2v) ““20+vw
where E and v denote Young modulus and Poisson ratio, respectively.

Considering g—é = %J C~!, the second Piola—Kirchhoff stress tensor .S for the given neo-Hookean hyperelastic model can be
obtained as

16)

b4 1 0J 1 oJ
S=2—=ul 2u——+2i(nJ)—-—=
oc =M -y oc v 556 a7

=u(I-C)Y+itnnC™.
In hyperelasticity, the constitutive tensor D can be achieved by differentiating the second Piola—Kirchhoff stress .S as
oS

D:2E:AC"1®C_1+2(/4—/11nJ)£, 18)
where
J (C‘])” 1 -1 -1 -1 -1
Lrrxr = _W = 2 [(C )11( (C )JL + (C )IL (C )JK] : (19)

3
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Fig. 2. First and second order virtual element.

3. Function space and projection operators

In this part, we start to describe the basic idea of the virtual element method (VEM) and the stabilization-free virtual element
method (SFVEM). To describe the idea of the method more clearly, it is necessary to provide definitions and constructions of different
projection operators in advance.

Let J, be the decomposition of the computational domain £ into a set of nonoverlapping polygonal elements E (as given in
Fig. 2), &, being the set of edges e of J,. The symbol n represents the number of edges of a polygon E and the mesh size hj is
the diameter of E. Then we can denote by M, (E) the scaled (k + 1) (k + 2) /2 monomials:

M (E) :={(";"E> ,|s|5k}, (20)
E

where x are the cartesian coordinates of the centroid of E, |s| :=s; + 5, and x* := x‘:I xzz.
Different from the finite element method, in order to deal with polygonal elements of arbitrary shape, VEM uses general spaces
that may contain non-polynomial functions [17]. To compute the contribution of these non-polynomial functions to the stiffness

matrix, one has to compute a local projector on the space of polynomials of degree < k [12].

3.1. Original elliptic projection operator

In the classical VEM, the projection operator is selected as the energy projector IT kv (E), which is defined as
11} (E) : Vi(E) > Py(E). (21)
For simplicity’, the projector IT kv (E) can be written as IT kv . The basis function ¢; € V,(E) are defined as
xi($;) =dof(¢)) =6, j,j=1,...., N, (22)
where y is the degree of freedom, N := dimV,(E).
To construct the projector IT kV , let us consider the virtual element space
V(E) :={u, € H'(E) : Au € P,,(E) in E, ulyp=B0E)} (23)
where P, is a polynomial with the highest order not exceeding «,
Bi(0E) := {u, € COE) : u, € Py(e), eCIE} (24)
In V,(E), the degrees of freedom are selected as

+ x'(E): for k > 1, the values of u,, at the vertices;
+ x*(E): for k > 1, the values of u, at k — 1 uniformly spaced points on each edge ¢;
+ x3(E): for k > 1, the moments

1
méuhmadﬂ, Vma € Mk—Z(E)-

It is not difficult to find that B, (dE) is a linear space of dimension ny +ng(k — 1) = ngk, where ny is the number of edges of the
polygon element. The dimension of V,(E) is

dimV,(E) = Ng =ng, +nE(k—1)+k(k2_ D =n5+%_1) (25)

where the last term corresponds to the dimension of polynomials of degree < k — 2 in two dimensions.
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Based on the above definition, for any given E € J,, the projection IT kV (E) defined for u € V,(E) is calculated by the orthogonality
condition: Yu € H!(E),

/ V(I u-u,) VpdR=0= / VI u-VpdQ = / Vuy, - VpdQ, Ype Py(E). (26)
E E E
On expanding the right-hand side of Eq. (26), using integration by parts and considering the Green formula, we obtain
VIV u-VpdQ = 9
Lu-Vpd2=— [ u,-ApdQ+ [ u,-—drI. (27)
E E 0E on

The condition Eq. (27) can be extended to include the constant part of u, by prescribing a projection operator onto constants
Py : HY(E) - Py(E),

Py ([ u—up) =0. (28)
The constants is selected as
1 &
Py) := — Y u, for k=1, (29)
"E i3
Pyu) 1= —— / uyd@ for k>2. (30)
|E] JE

Since M, (E) is a basis for P, (E), the projection IT kV ¢; in Eq. (26) can be expanded in the basis of P, (E) as

Np Ng
Hkvfﬁi = z A iMg = z 8% (31)
a=1 Jj=1

where Np :=dimP,(E). Then Eq. (31) can be written in the matrix form as
[U§¢1,H5¢2,...,HZ¢NK] =nmY¢T =m'nY, =¢"N", (32)

where ¢ =1[¢, by, ...y, 1, m" = [m,my,....my 1, Iy is the matrix representation of the operator IT)’. Furthermore, IT}, is the
matrix representation of the operator I7 kv acting from V(E) to P, (E). The two different basis functions are connected by

m’ = ¢’ D (33)
where matrix D is the transition matrix with size Ny X Np given by

D, :=d0fj(ma), j=1,....,Ng, a=1,...,Np, (34)
which yields

m) =pi;, . (35)

Using the above basis functions and matrix formulation, the elliptic projectors IT Z* and IT Z can be calculated by considering

Eq. (27) together with the condition Eq. (28) and the definition of the degree of freedom. For a detailed description of the calculation
process, see [10,11]. It should be emphasized that the elliptic projection operator plays an important role in the classical VEM. But
in this work, this projection is used only as a tool to calculate the L, projection HIO 'V, which will be discussed in the following.

3.2. L, projection operator
To define our discrete bilinear form for the stabilization-free VEM, we define the L, projection operator 1710 v of the gradient
of function in H!(E), which is defined as
2
v . H'(E) > [P(E)]". (36)

Based on the above definition, for any given E € J,, let I € N be given, which depends on the order k and the number of edges n.
The selection of I is discussed in [36,37] for the first-order stabilization-free VEM as

I+DU+2)>2np -1, k=1 (37)
Besides, a more restrictive bound is given in [38] as
20+3>np, k=1 (38)

For the higher order method k > 1, by considering the element eigenvalue problem for plane elasticity, an inequality between k
and the number of edges ny to ensure the results in a well-posed, stable discrete problem is given in [39] as

2A—2k+5>ng. (39)
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Let u;, € H'(E) satisfying the orthogonality condition
/E Pl Vuy, dQ2 = /E p'Vu, dQ, (40)

where the right hand can be written as

/ pVu,dQ = / (p" - n)uydr —/ (divp) uy, Q2. (41)
E oE E
Then, Eq. (40) can be written as
/an,OEVu,, dQ = / (p" - n)u,dl — / (divp)u, dQ, Vpe [P,(E)]2‘ (42)
E ’ JE E
In Eq. (42), the gradient of variable Vu and p can be expanded as
Vu, =(N")'e, p=(N""p, (43)
where [] represents a vector, ¢ := Vu,, and N” contains the basis elements as

1 o b 0 0 0 - olF T 0T
Np;:[ & n ] :[m/ ] (44)

00 0 - 0 1 &g - o 0" ml

where m, is a basic for complete polynomials of order /.
In the next, on expanding « in terms of its basis in V,(E), we obtain

u, = ¢, (45)

where @ € RVE. By denoting IT™ the matrix representation of the operator HIOE with respect to the basis N”, we have

), Vu=(N"" M"a. (46)
Substituting Egs. (45) and (46) into Eq. (42) yields

pr /E N? (N dem™a = pT /0 ; (N? -n)y¢Tdra—pr /E (divN®) ¢T dQit. (47)
Since this is true for all & and p, the above equation Eq. (47) can be written as

/ N?(N)T den™ = / (N? -n)¢Tdr — / (divNP) ¢TdQ. (48)

E oE E

Then the projection matrix IT™ can be calculated via

mn" =G'B, (49)
where

G := /E NP (NPT d@, (50)

B = /()E (NP -n)¢Tdr — /E (divN?) ¢" de. (51)

One possibility to compute the integral term G in Eq. (50) is to partition E into triangles (as shown in Fig. 3). Then in each
triangle, the Gaussian integral is selected for numerical integration, and the integration order is /2. Another possibility is the use of
a formula obtained for polynomials from the divergence theorem

p+1,,q D g+l
/fpr]qd!):l/ & n nx+§n n,|dr, (52)
E 2 Jop | P+1 qg+1

where n = (n,,n,) is the outward normal. The first method is selected in this work.
Note that the calculation of matrix B reveals the major difference between the proposed stabilization-free VEM and the
conventional VEM. As given in Eq. (51), we record

B=1I,-1,, (53)
where
I, =/ (N?-n)@Tdr, 12=/(divNﬂ)¢TdQ. (54)
JoE E

For the first term I,, we have

1
I,= Z / NPn¢TdI' = Z lel / N?n¢" dt, (55)
e =T 2 Ja

e€oE
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T,

77.

where N”n¢" is at most a polynomial of degree / + k and the integral can be calculated by the one-dimensional Gauss quadrature
rule.

Generally, it is complex to calculate the integral I, since the shape function ¢ (with order k) is unknown in the element. To
calculate I,, we need to use the approximation technique mentioned in [35,37-39], We define the 17,?,  be the standard scalar L*(E)
projection from V,(E) to P, that

. <. e
\ \. /,’ \\
\ -
4 Tl \\ TQ .,/ Tl \\
\ \
\ \
‘e k=2

Fig. 3. Triangulation of polygonal element.

(11 0.p), = P Vo€ VUELP € PUE), (56)
which can be written as
/ mil) . ¢"dQ = / m’ dQ. (57)
E E
Defining the IT}, to be the matrix of IT? . on the basis of m € M, and IT} being related to the basis of ¢”, we have
0 4T T 170 T 70
i pp” =¢ I =m IT), (58)
where m is the same vector given in Eq. (32). Substituting Eq. (58) into Eq. (57) yields
/ mm"dQIIY, = / m” de, (59
E E
so that we arrive at
HIIY =M, (60)
where
H = / mm’dQ, M, = / m$T dQ. (61)
E E

The method to compute the integral term H is to partition E into triangles (as shown in Fig. 3). The calculation of matrix M j, will
be explained in detail later.

Once the matrix IT 2* is determined, by considering the L, projection H,?, £ given in Eq. (56) and by using the relationship given
in Eq. (58), it follows

= / (divN?) ¢TdQ = / (@ivn?) (110,47 ) @
E E ’
= /E (divN?) ¢" 19dQ2 = /E (divN?)ym! 110 dQ (62)
= / (divN?)m} dQm’ .
E

The numerical integration method of matrix I, is similar to that of matrix G, both in the form of triangulation. Should be mentioned
that the kernel function (divN ”mf) is at most a polynomial of degree / + k — 1.

Now the key to calculating matrix B becomes the calculation of projection matrix IT 2*, which depends on M, given in Eq. (60).
Unfortunately, the projection operator is not computable in the current function space. We will introduce the enhancement space
and discuss how to calculate the matrix M .

3.3. Enhancement space

Ahmad [12] modified the VEM space V to a local enhancement space W, (E). In that case the operator H/?(E) given in Eq. (56)
can be easily computed using IT kV (E) and the local d.o.f.s related to W, (E). We should consider the enhanced space

W(E) := {w), € Vi(E) : (wy, — I wy,q) , =0, € My \ My}, (63)

7
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where the lifting space is

Vi(E) :={v e H'(E) : vlyr € BOE), Av € P,(E)} . (64
and 17 kV is the elliptical projection. It is obvious that in the enhancement space W, (E), we have
/qud!2=/E]7kqud.Q, q € M\ M;_,. (65)
It is easy to find that the dimensional of V,(E) is
NF* = dimV(E) = ngk + w (66)
where ng is the number of edges of the polygon E. The additional degrees of freedom is written as
xadd=|—1{:|/EumadQ, azk(kz—l)N(k+1)2(k+2). &)
Based on the additional degrees of freedom, the elliptic projector ﬁkv in space V,(E) can be computed as
/E vpdQ = /E 1Y vpdQ, Vpe M\ M_,, (68)

By the moments of order k — 1 and k, provided in Eq. (68) (actually using the approximation y(IT kv @) = x(¢;), ¢ is basis function
of space ﬁk(E)), the matrix M » in Eq. (60) can be calculated and the matrix H can be obtained as

H=M,D (69)
Fortunately, for k = 1, from Eq. (68), we deduce
/E vpdQ = /E 1) vpdQ = /E 1Y vpdQ, Vpe MyuM,, (70)
so based on the definition of L, projection it follows
Y = b 71
A similar rule can be found for k = 2. So we have for k =1 and k =2,

0 _ gV 0 _ gV 0 _ 0
I =1,, I, =1, I, =DI, 72)

In this work, we only consider the cases of k = 1 and k = 2. Based on the relationship given in Eq. (72), the projection matrix IT 2*
used in Eq. (62) can be obtained directly from Eq. (27) together with the condition Eq. (28) (as demonstrated in Section 3.1). This
is another reason why we discuss the elliptic projection operator.

4. Stabilization-free virtual element discretization

Based on the above discussion, the L, projection operator HIO £V HY(E) - [73,(E)]2 can be computed so that the gradient of
the variable u;, can be approximated as follows

) Vu, = (N")" ™, 73)

where IT™ the matrix representation of the operator HEE on the basis N”?, see Section 3.2. The projection operator ”1(,)5 in Eq. (73)
is solved about the Laplace operator. As given in [41], the projection has good approximation properties and is suitable also as a
displacement space for the problems in solid mechanics. So in the next, the projection operator HI? - will be used to solve problems
with the hyperelastic material undergoing large deformation. For the first step, we want to discuss the regular total Lagrangian
formulation of hyperelastic problems.

4.1. Total Lagrangian formulation of the hyperelastic problem

For hyperelastic problems, the virtual work is expressed as
W= | SE: Sdv,. 74)
[
The linearization of the virtual work is obtained from
oW = 6FE : 5SdVO+/ 6(6E) : §dVy, (75)
Vo Vo
where
1 T 1 T T
S(BE)==6|6(F" -F—-1)|==6|6F" -F+F" -6F
5B = 2515 )=l 1 6
=§FT .6F =6D" - 6D,
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and
ou
D=—, F=1+D.
X’ + 77)
This leads to the linearization of the virtual work Eq. (75) where
5s=§:5E=D:5E, (78)
oE
so that
W= [ SE: 5SdVO+/ S : (6D"-5D)dy,
Vo 1 (79)
=/ SE:D: 6EdV0+/ S : (6DT-5D)dV,.
Yo 16}

D is the tangential material tensor which is discussed in Section 2.2 for different hyperelastic models.
4.2. Virtual element discretization

The Green-Lagrange strain tensor is written as

. T
E=[Exx Eyy 2Exy| . (80)
in Voigt notation and the second Piola—Kirchhoff stress follows as
R T
S = [SXX Syy SXY] ’ (81)
then we have in matrix notation
S:6E=8".sE=6E" -3, (82)
where
05 )50
Fi Sy + Sy
2 28 28
SE = Fip 57 + P57 . (83)
d8u d8u 98v 95v

Figy + Fugy + Fagy + Py

This is the key to expressing mechanical problems using gradients of variables derived from Poisson’s equation. Besides, we have
the incremental constitutive relationship

58 =D-5E. (84)

Considering Egs. (73) and (77) yields

Y

Ju Ju
= = T
D= ["X ‘;Y] = [ (e 8], F=1+D. (85)
X or

The Green-Lagrange strain tensor is calculated as

dbu aév
Fisx Fox

i déu dév
SE = Fp 2 + Fp2

ddu adu

aév aév
Fusy YFogx | |y 2

X
=A, (N II"si + A, (NPT IT" 50

5&} (86)
5D

=4, A [(NP)T (N”)T] [11'" H”’] {iz}

=[a, (NPT ™ A, (NPT T {

where
F, 0 Fy 0
A=[0 F,l, A=|0 Fy|. A=[A A, (87)
F&Z Iﬁl IEZ IEI
r_ [(vnT
N = [ N ©
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and
Hm
Hm = [ HW!:| . (89)
Defining vector 0 as
T
_ | ou Jdu Jv Ju
0= [a_x ¥ ax or] (90)
we obtain
S : (6DT-5D)=60" - 150, (o1)
where
S
I= 2
< o

for two dimension problems.
Based on Eq. (73), the term 40 is calculated as

_ [avny” m" sit . st
9_[ (N”)TH H’"]{ﬁv} Ny {&7} ©3)

Substituting Eq. (93) into Eq. (91), yields

7]
. T = {sul pT\. T. LI T, .
S: (50" -5D)={oa" &v"}-(N}-N,)-1-(NT-mI,) {&7} (94)
4.3. Element stiffness matrix and internal force
For the total Lagrangian formulation, the linearized energy form given in Eq. (79) is considered as
sW= [ SE:5SdV, +/ S : (6D" -5D) dV,. (95)
) Vo
Based on Egs. (82), (84) and Eq. (91), the linearized energy form can be written as
sw= | sk - D skav, +/ 507 - I - 564V, (96)
Yo Vo
Substituting Eqgs. (86) and (93) into Eq. (96), yields
. ou
— al pT V. T, AT D .NT. .
o= {oa” 50"} (M} -N,-AT)-D-(A-NT.H,) {5D}dVO
ot
{5u 69"} (I} -N,)-T-(NT- Hm>~{6i}}dVo
Sii 97)
_fs=T T T T\ T . u
= {su 5v}/IINA)D(AN ) o {55}
ou
=T =T T T
+ {50 6v}-/VO(Hm-Np)-I~(Np n) 4% {51;}'
Now the tangential element stiffness matrix can be obtained as
_ gil
Kiey = Ky + K, ©8)
where
1 _pgT T 7 T
K, =1" . VNI,-A ‘D-A-Njdv,- 10, (99
0
Ko, =1" . g N,-I-N;dV,-1I,,. (100)
0
The internal force follows from Eq. (10). By using the above-defined matrices, we arrive at
Fy=1"- [ N, AT .8dV,,. (101)

"
It is easy to find that neither the global stiffness matrix nor the internal force vector requires additional stabilization terms. Then
Newton—-Raphson iteration is used for the nonlinear equations. In each step, the second Piola-Kirchhoff stress at any integration
point is calculated based on the constitutive model (as discussed in Section 2.2). Then, the Cauchy stress ¢ can be calculate as

§F~S~FT. (102)
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Fig. 4. Initial configuration of Cook’s membrane problem with different meshes.

Table 1
Maximum vertical displacement U, for different element division N for regular elements.
N FEM SFVEM
Q1 Q2 k=1,1=1 k=1,1=2 k=21=2 k=2,1=3
2 8.00 10.17 8.00 7.84 10.31 10.24
3 9.53 10.29 9.53 9.51 10.34 10.31
4 10.10 10.34 10.10 10.10 10.36 10.34
5 10.28 10.35 10.28 10.28 10.36 10.36

5. Numerical examples

In this section some numerical examples are calculated by the proposed first- and second-order stabilization-free virtual element
method (SFVEM). The example problems undergo finite deformations leading to highly nonlinear responses. All the numerical
tests are solved by using the Newton-Raphson algorithm. The neo-Hookean hyperelastic model and constitutive equations are
given in Section 2. All the computations are performed with self-written Matlab codes. The polygon meshes can be generated by
PolyMesher [42] or converted from triangular meshes. To demonstrate the convergence and accuracy of the stabilization-free VEM,
a convergence study is given in Appendix.

5.1. Cook’s membrane problem

In this example, we consider the standard Cook’s membrane problem of a tapered cantilever beam, which was first proposed
in [43]. The structure is fixed at the left side and subjected to a constant distributed vertical load q, at the right side, as shown in
Fig. 4. The relevant dimensions are L =48, H| = 44, H, = 16.

The neo-Hookean hyperelastic model is selected with the constitutive parameters chosen as ¢ = 40 and A = 100. Besides,
the distributed vertical load is given as ¢, = 4. Three different meshes including the regular mesh, polygonal mesh generated by
PolyMesher, and nonconvex mesh are considered as shown in Fig. 4. Solutions of linear and quadratic finite elements are included
for comparison.

In order to achieve the stabilization-free formulation, it is necessary to increase the order / of the internal strain of the element,
that is, the order of matrix N ,. The relationship between the order / and the number of sides of a polygon can be seen in Eq. (39).
Generally speaking, in order to avoid wasting calculations, it is necessary to select the appropriate order / and the corresponding
number of integration points according to the number of element corner nodes. In this example, in order to facilitate calculation
and comparison, we selected the same polynomial order for different polygon elements. In each triangle used for integration, the
number of Gaussian integration points is 6.

To compare the performance of the proposed stabilization-free virtual element method, a convergence study is carried out based
on different uniformly refined meshes. We denote four different meshes defined by the parameter N which corresponds to the
number of divisions. In this example, we select N = 2,3,4,5 which yields an equivalent number of elements 2V x 2V for regular
mesh and polygonal mesh. The maximal vertical displacement U, in the y direction of the upper right node of the membrane is
computed for meshes corresponding to the element division 2V for regular and polygonal elements.

The values of maximal vertical displacement U, are given for different element divisions N in Table 1 for regular mesh, Table 2
for polygon mesh, and Table 3 for nonconvex mesh. The associated convergence study for the maximum displacement U, is depicted
in Fig. 5.

Deformed configurations of the Cook’s membrane with the contour plot of stress s,, obtained by SFVEM are shown in Fig. 6,
Fig. 7, and Fig. 8 for regular meshes, polygonal meshes, and nonconvex meshes, respectively.
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Table 2
Maximum vertical displacement U, for different element division N for polygon elements.
N FEM SFVEM
Q1 Q2 k=1,1=1 k=1,1=2 k=21=2 k=2,1=3
2 8.00 10.17 8.34 7.94 10.31 10.25
3 9.53 10.29 9.28 9.09 10.35 10.30
4 10.10 10.34 10.04 10.00 10.36 10.34
5 10.28 10.35 10.27 10.25 10.37 10.36
Table 3
Maximum vertical displacement U, for different element division N for nonconvex elements.
N FEM SFVEM
Q1 Q2 k=1,1=1 k=1,1=2 k=21=2 k=21=3
2 8.00 10.17 7.68 7.26 10.26 10.22
3 9.53 10.29 9.42 9.22 10.33 10.31
4 10.10 10.34 10.08 10.01 10.35 10.34
5 10.28 10.35 10.27 10.25 10.36 10.35
10.5 10.5 10.5
10 10 10
9.5
9.5 9.5
9
S SEE] )
—=—FEM,Q1 —=-FEM,QL 8.5 —=—FEM,QL
. —e—TFEM,Q2 . —e—FEM,Q2 —e—TFEM,Q2
: —A—SFVEM(k = 1,1 = 1) ’ —A=SFVEM(k = 1,1 = 1) 8 —A—~SFVEM(k = 11 = 1)
——SFVEM(k = 1.1 = 2) —4—SFVEM(k = 2) A —4—SEVEM( 2)
—~o—SFVEM(k = 2.l = 2) 8 —o—SFVEM(k = 2, = 2) 7.5 —e—SFVEM(k = 2, = 2)
——SFVEM(k = 2, = 3) i ——SFVEM(k = 2, = 3) 4 ——SFVEM(k = 2,0 = 3)
™y 2.5 3 3.5 4 45 5 5 25 3 35 4 45 5 ' 25 3 3.5 4 45 5
Element division 2% Element division 2 Element division 2%
(a) ® (c)

Fig. 5. Max vertical displacement U, for different element division N, (a) regular elements, (b) polygon elements, (c) nonconvex elements.

NwW s Y

N=2

N=3

Fig. 6. Deformed shape and contour plot of the stress s,, for different meshes with regular elements (obtained by SFVEM with k =2,/ = 3).

5.2. Punch problem

In this example, a rectangular plate subjected to a vertically distributed uniform load p, is considered. The problem undergoes
severe deformations and was selected as a test to demonstrate the robustness of the stabilization-free virtual element method. The
top and the left side of the rectangle are fixed in the horizontal direction, while the bottom side of the rectangle plane is fixed in
the vertical direction. The geometric model and dimensions are given in Fig. 9.

In this example, the uniformed load is given as p, = 800 which is applied at the top left half of the plate. Constitutive parameters
for the compressible case are given as A = 400.75 and u = 92.5. The model size is given as L = H = 1. The problem was calculated
using three different meshes and compared with finite element results. The polygonal mesh (generated by the PolyMesher), regular
mesh, and nonconvex mesh are depicted in Fig. 10.
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Fig. 8. Deformed shape and contour plot of the stress s,, for different meshes with nonconvex elements (obtained by SFVEM with k = 2,/ = 3).
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Fig. 13. Deformed shape and contour plot of the vertical displacements for different meshes with nonconvex elements.

Table 4

Vertical displacement U, of point A for different element division N for different meshes (/ =2 for k=1 and / =3 for k =2).
N FEM SFVEM(polygon) SFVEM(regular) SFVEM(nonconvex)

Q1 Q2 k=1 k=2 k=1 k=2 k=1 k=2

2 —-0.784 —-0.766 -0.779 -0.767 -0.779 -0.766 -0.754 -0.767
3 —-0.776 —-0.766 -0.778 -0.767 -0.778 —-0.765 —-0.766 —-0.764
4 -0.770 —-0.765 —-0.768 —-0.766 -0.767 -0.765 -0.765 -0.768
5 -0.767 —-0.765 —-0.766 -0.765 -0.766 -0.765 —-0.765 —-0.765

Similar to the previous example, a convergence study is carried out. We denote four different meshes by the parameter N which
corresponds to the number of divisions. In this example, we select N = 2,3,4,5 so that the equivalent number of elements is
2x 2N x2N for different meshes. For comparison, the finite element method with quadrilateral Q1 and Q2 elements is selected (Q1
element denotes the linear element and Q2 element is the serendipity element). According to the calculation results of example 1,
the parameters can be selected as / =2 for k = 1 and / = 3 for k = 2. In each triangle used for integration, the number of Gaussian
integration points is 6.

For different types of meshes and different densities, the deformed shape and contour plots of the vertical displacements are
given for different meshes with regular elements in Fig. 11, polygonal elements in Fig. 12, and nonconvex elements in Fig. 13,
respectively.

The values of the vertical displacements U, of point A (illustrated in Fig. 9) are given for different element divisions N in Table 4
for regular mesh, polygonal mesh, and nonconvex mesh, respectively. The convergence of the vertical displacement U, of point A is
demonstrated in Fig. 14. For the regular mesh (the regular meshes are the same as the meshes used in FEM), the solution is similar
to the solutions obtained by the FEM. This shows that the stabilization-free VEM yields very similar results to finite elements when
dealing with regular meshes (quadrilateral elements). Besides, the stabilization-free VEM can use polygonal elements, so it is more
suitable for complex geometries. For nonconvex meshes, the stabilization-free VEM can still get accurate results, but the stability is
not as good as polygonal (convex) and quadrangular meshes, especially for second formulation.

In the next, we tested the calculation results of first-order FEM and first-order SFVEM under large loads (g, = 2560, quadrilateral
elements are selected for FEM and SFVEM (I = 3)). As given in Fig. 15, we find that SFVEM can obtain better result under current
assumptions. It should be noted that for second-order elements, whether it is FEM or SFVEM, the calculation does not converge.
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Fig. 14. Vertical displacement U, of point A for different element division N for different types of elements.

(a) FEM (b) SFVEM

Fig. 15. Deformed shape and contour plot of the vertical displacements for g, = 2560, obtained by FEM and SFVEM for k = 1.

6. Conclusion

In this paper, a first- and second-order stabilization-free virtual element method is derived and extended for finite strain
applications. The main idea of this method is to modify the virtual element space (enlarged VEM space) to allow the computation of
higher-order polynomial approximations of the gradient field. We chose the degree I of vector polynomials N” for the interpolation
of gradient (strain) in each polygon element such that the element stiffness has the correct rank. To construct the matrix form for the
elastic and hyper-elastic problems, we start from the bilinear form of Poisson’s equation, and obtain an expression for computing the
gradient of any variable HI(? pVu = (N T IT™a. The L, projection operator IT™ can be computed by considering the enhancement
space, which leads to the virtual element discretization. Compared with the conventional VEM, the stiffness matrix is obtained
directly without any stable item. The convergence of the proposed method is studied for the Poisson equation and similar results
are obtained compared to conventional VEM. Benchmark examples are used to demonstrate the accuracy and flexibility of the
SFVEM for hyper-elastic problems. In the future, the discretization scheme can be easily extended to other nonlinear problems since
no stabilization term is required.
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mesh 1 mesh 3 mesh 5

Fig. A.16. Unstructured polygonal meshes with different sizes.

mesh 5

Fig. A.17. Numerical solutions obtained by the stabilization-free VEM with different meshes.

Appendix. Convergence study

In order to show the correction of the derived stabilization scheme and to demonstrate the achieved orders of the new approach,
we apply the stabilization-free virtual element method and traditional virtual element method to the Poisson equation. The choice
of / (given in Section 3.2 for L, projection) is an open question that depends on the number of vertices of element E. In [39], by
considering the element eigenvalue problem for plane elasticity, a sufficient inequality is given by

2 =2k +5> np. (A1)

Some necessary mathematics demonstrations and numerical examples have been given in the Refs. [37-39]. Besides, the eigenvalue
analysis of individual elements used to check the element stability can be found in [39]. So in this article, we directly use their
conclusions without doing cumbersome proofs.

To test convergence, we examine the errors using the L? and H' norms. The discrete measures are given as

lw—uplipz = [ D llu— M puyll?, (A2)
Eeg

llw =yl = [ D I1Vu = VI guy 2. (A3)
EeJ

Let Q = (0, 1)2, the Poisson equation is considered with the formulation written as
Pu Pu_ X4y
0x2  0y2  (xy+1)?

and the analytical solution is given by

+55in(2x+%>cos(y+l3—0), (A.4)

u(x,y) = sin(2x + 0.5) cos(y + 0.3) + log(1 + xy). (A.5)

The boundary is fully constrained based on the analytical solution.

In this example, we solve the Poisson equation on five different meshes generated by PolyMesher with size & (as shown in
Fig. A.16 for three different meshes). The conventional VEM and stabilization-free VEM (SFVEM) are selected for comparison. In
conventional VEM, the stabilization term is needed and the expression is selected as

K,=(1-m)) (1-m}). (A.6)

In the stabilization-free VEM, the stabilization term is not required. Some contour plots of the numerical solutions obtained by the
proposed method are given in Fig. A.17.

Next, we verify and compare the convergence of different types of virtual element methods. As described in the previous part,
the choice of / in the stabilization-free VEM should follow the rule given in Eq. (A.1). Hence we compare the solutions obtained by
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Table A.5

The L? norm for conventional VEM and stabilization-free VEM (SFVEM) for k = 1.
h VEM SFVEM(/ = 1) SFVEM(/ = 2) SFVEM(/ = 3)
1.768e—01 1.001e-02 1.021e-02 1.001e-02 8.130e-03
1.250e—01 4.955e—-03 5.058e—03 4.973e-03 3.694e—-03
8.839e-02 3.024e-03 3.082e—-03 3.038e-03 2.153e-03
6.250e—-02 1.371e-03 1.396e—-03 1.379e-03 9.491e-04
4.419e-02 6.114e—04 6.223e—04 6.153e—04 4.133e-04

Table A.6

The H' norm for conventional VEM and stabilization-free VEM (SFVEM) for k = 1.
h VEM SFVEM(/ = 1) SFVEM(/ =2) SFVEM(/ = 3)
1.768e-01 1.469e-01 1.469e-01 1.468e-01 1.486e-01
1.250e-01 1.076e-01 1.077e-01 1.076e—01 1.096e-01
8.839%e-02 7.678e—02 7.677e—-02 7.677e—02 7.746e—02
6.250e—02 5.161e—02 5.161e-02 5.161e—02 5.196e—02
4.419e-02 3.645e-02 3.646e—-02 3.645e—-02 3.664e—-02

Table A.7

The L? norm for conventional VEM and stabilization-free VEM (SFVEM) for k = 2.
n VEM SFVEM(/ = 2) SFVEM(/ = 3) SFVEM(/ = 4)
1.768e—01 1.372e-04 1.352e—-04 1.365e—04 1.593e-04
1.250e—01 5.048e—-05 5.063e—05 5.048e-05 5.689e—-05
8.839e-02 1.825e—-05 1.815e—-05 1.818e—-05 1.929e-05
6.250e—-02 5.945e-06 6.055e—-06 5.945e-06 6.389%e-06
4.419e-02 2.102e-06 2.140e-06 2.102e-06 2.232e-06

Table A.8

The H' norm for conventional VEM and stabilization-free VEM (SFVEM) for k = 2.
h VEM SFVEM(/ =2) SFVEM(/ = 3) SFVEM(/ = 4)
1.768e—01 6.433e-03 6.436e—03 6.427e—-03 6.737e—-03
1.250e-01 3.108e—-03 3.113e-03 3.106e-03 3.232e-03
8.839%e-02 1.539e-03 1.542e-03 1.537e-03 1.579e-03
6.250e—02 7.633e—04 7.645e—-04 7.630e—04 7.831e-04
4.419e-02 3.795e—-04 3.801e-04 3.793e-04 3.881e-04

10° T T T
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Fig. A.18. Numerical solutions obtained by the stabilization-free VEM with different meshes.

the conventional VEM and the stabilization-free VEM with different parameters / (for k = 1, / is selected as / = 1,2,3 and for k =2,
[ is selected as | = 2,3,4 in this example). The L?> and H' norm defined in Egs. (A.2) and (A.3) are selected with the solutions given
in Tables A.5-A.8. The L? and H' convergence curves of the stabilization-free VEM are depicted in Fig. A.18.

From the above data, it can be observed that the accuracy of the results obtained by SFVEM is very close to the accuracy obtained
by traditional VEM (not only the magnitude is the same, but also the convergence rate is basically the same, even if / does not meet
the given conditions). This shows that the proposed SFVEM is accurate and leads to similar results as provided by the traditional
VEM.
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